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GALOIS CONNECTION BETWEEN LIPSCHITZ AND LINEAR
OPERATOR IDEALS AND MINIMAL LIPSCHITZ OPERATOR
IDEALS
PABLO TURCO AND ROMA´N VILLAFAN˜E
Abstract. We establish a relation between Lipschitz operator ideals and lin-
ear operator ideals, which fits in the framework of Galois connection between
lattices. We use this relationship to give a criterion which allow us to recognize
when a Banach Lipschitz operator ideal is of composition type or not. Also, we
introduce the concept of minimal Banach Lipschitz operator ideal, which have
analogous properties to minimal Banach operator ideals. Also we characterize
minimal Banach Lipschitz operator ideals which are of composition type and
present examples which are not of this class.
1. Introduction
In 2003, Farmer and Johnson [10] extend the notion of p-summing operators to
the Lipschitz setting, introducing the concept of Lipschitz p-summing operators.
The Lipschitz p-summing operators have similar properties respect the linear
p-summing operators such as a (nonlinear) Pietsch factorization theorem [10,
Theorem 1] and a extrapolation Theorem [6, Theorem 2.2]. Also, the space of
Lipschitz p-summing operators from a metric space to a dual Banach space is
a dual Banach space [5, Theorem 4.3]. The Lipschitz p-summing operators can
be seen as the first of a large list of different classes of Lipschitz operators that
had been studied in the last years. Most of these classes of Lipschitz operators
are obtained as a generalization of linear operators, for instance the finite rank,
approximable and compact operators [13], p-nuclear and p-integral operators [7],
among many others. The necessity to study this different classes in a general
framework, unifying results and the language, leads to the new concept of Banach
Lipschitz operator ideal defined in [1, Definition 2.1] and independently in [3,
Definition 2.3] (under the name of generic Lipschitz operator Banach ideal).
From a Banach linear operator ideal there is a way to obtain a Banach Lipschitz
operator ideal using the linearization of a Lipschitz map via the Arens-Ells space
(see definition below). This Banach Lipschitz operator ideals are called of com-
position type and, in general, the properties of the Banach linear operator ideal
can be transferred to the respective Banach Lipschitz operator ideal. This leads
us to the first objective of our project: Determine whenever a Banach Lipschitz
operator ideal is obtained from a linear operator ideal via a composition method.
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On the other hand, since linear operators are in particular Lipschitz operators,
from a Banach Lipschitz operator ideal we may obtain a Banach linear operator
ideal. In Section 3, we show that this two procedures relates Lipschitz and linear
operator ideals and fits in the framework of Galois connection between lattices
(Theorem 3.13). This relation between both types of ideals in the context of lat-
tices let us to establish a criterion to identify if a Banach Lipschitz operator ideal
is of composition type or not (Proposition 3.16). We apply the Criterion to give
some examples of Banach Lipschitz operator ideals which are not of composition
type (Porposition 3.18).
Also, this point of view allow us to transfer some well known properties and
particularities of the theory of Banach linear operators ideals into the Lipschitz
setting. In Section 4 we define the notion of minimal Banach Lipschitz operator
ideal, which as in the linear case, is related with the concept maximal hull of a Ba-
nach Lipshcitz operator ideal, defined by Cabrera–Padilla, Cha´vez–Domı´nguez,
Jime´nez–Vargas and Villegas–Vallecillos [3]. We characterize the minimal kernel
and the maximal hull of Banach Lipschitz operator ideals which are of composi-
tion type (see Proposition 4.1 and Theorem 4.8). Finally, we give some properties
of minimal Banach Lipschitz operator ideal and give an example in which the
minimal kernel of a Banach Lipschitz operator ideal is not of composition type.
We refer the reader to the book of Weaver [17] for the basics of Lipschitz
operators, to the book of Pietsch [14] for a general background of Banach linear
operator ideals and to the book of Davey and Priestley [8] for the theory of
lattices.
2. Notation and basics
Along the manuscript, X will be a metric space and d its distance. With E and
F will denote Banach spaces with the norm ‖·‖E and ‖·‖F respectively. Whenever
the space is understood, we will simply write ‖·‖. The open unit ball of E will
be denote by BE and its dual space is E
′. A pointed metric space is a metric
space with a distinguished point, that we will always denote by 0. In particular, a
normed vector space is a pointed metric space and its distinguished point will be
0. As usual, the space of all linear continuous, compact, approximable and finite
rank operators between E and F will be denoted by L(E;F ),K(E;F ),F(E;F )
and F(E;F ) respectively. Also, for 1 ≤ p < ∞, Np, Ip and Πp stands for the
ideals of p-nuclear, p-integral and p-summing operators.
Recall that for two metric spaces X and Y , a map f : X → Y is said to be a
Lipschitz map if there exists a constant C > 0 such that d(f(x); f(x′)) ≤ Cd(x, x′)
for all x, x′ ∈ X . The least of such constants will be denoted as Lip(f). We denote
by Lip0(X ; Y ) the set of all Lipschitz operators that vanish at 0. If we consider a
Banach space E, the space
(
Lip0(X ;E); Lip(·)
)
becomes a Banach space. In the
case when E = K (K = R or C), we write Lip0(X ;K) = X
# and it will be called
as the Lipschitz dual of X . We refer to the book of Weaver [17] for more about
this space. Whenever X is a complete pointed metric space, X# is a dual Banach
space [2]. The predual of X# it is called the Arens-Eells space (or the Lipschitz
free space over X), and it will be denoted as Æ(X). If we consider the Dirac map
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δX : X → (X
#)′ defined as δX(x)(f) = f(x), then we have the equality
Æ(X) = span
{
δX(x) : x ∈ X
}
⊂ (X#)′.
For f ∈ Lip0(X ; Y ), there exists a (unique) linear operator f̂ ∈ L(Æ(X);Æ(Y ))
such that δY ◦ f = f̂ ◦ δX (see e.g. [17, ]). When E is a Banach space, there is a
linear quotient map βE : Æ(E) → E, called the the barycenter, which is the left
inverse of δE , meaning βE ◦δE = IdE. There is an isometric isomorphism between
Lip0(X ;E) and L(Æ(X);E). Indeed, given f ∈ Lip0(X ;E), there exists a unique
linear operator Lf ∈ L(Æ(X);E) such that f = Lf ◦ δX with ‖f‖Lip0 = ‖Lf‖ (see
e.g. [17, Proposition 2.2.4]). The linear operator Lf is defined as Lf = βE ◦ f̂ ans
satisfies Lf (δX(x)) = f(x). We will refer the operator Lf as the linearization of
f . Note that when E and F are Banach spaces then L(E;F ) ⊂ Lip0(E;F ) and
if T ∈ L(E;F ), the linerization of T is LT = T ◦ βE [11, Lemma 2.5].
By a Banach Lipschitz operator ideal we mean a subclass ILip of Lip0 such that
for every pointed metric space X and every Banach space E, the component
ILip(X ;E) = Lip0(X ;E) ∩ ILip
satisfy:
(i) ILip(X ;E) is a linear subspace of Lip0(X ;E).
(ii) IdK ∈ ILip(K;K).
(iii) The ideal property: if g ∈ Lip0(Y ;X), f ∈ ILip(X ;E) and S ∈ L(E;F ),
then the composition S ◦ f ◦ g ∈ ILip(Y ;F ).
Also there is the Lipschitz ideal norm over ILip, given by a function ‖·‖ILip : ILip →
[0,+∞) that satisfies
(i’) For every pointed metric space X and every Banach space E, the pair(
ILip(X ;E); ‖·‖ILip
)
is a Banach space and Lip(f) ≤ ‖f‖ILip for all f ∈
ILip(X ;E).
(ii’) ‖IdK : K→ K‖ILip = 1
(iii’) If g ∈ Lip0(Y ;X), f ∈ ILip(X ;E) and S ∈ L(E;F ), then ‖S ◦ f ◦ g‖ILip ≤
Lip(g) ‖f‖ILip ‖S‖.
This definition was introduce in [1, Definition 2.1] and independently in [3,
Definition 2.3], under the name of generic Lipschitz operator Banach ideal and
extends the definition of Banach linear operator ideals (see e.g. [14]). Along
the manuscript, to avoid confusion, we will denote I, J for Banach Lipschitz
operator ideals while A, B stands for Banach linear operator ideals. With A ⊂ B
we mean that for all Banach spaces E and F , A(E;F ) ⊂ B(E;F ). The same
applies with Lipschitz operator ideals.
All other relevant terminology and preliminaries are given in corresponding
sections.
3. Galois Conection between Linear and Lipschitz operator ideals
Following [1, Section 3], given a Banach linear operator ideal A, there is a
method to produce a Banach Lipschitz operator ideal. Namely, for a pointed
metric space X and a Banach space E, a Lipschitz mapping f from X to E
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belongs to A◦Lip0(X ;E) if there exist a Banach space F , a Lipschitz operator g ∈
Lip0(X ;F ) and a linear operator T ∈ A(F ;E) such that f = T ◦ g. Equivalently,
by [1, Proposition 3.2], f ∈ A ◦ Lip0(X ;E) if and only if its linearization Lf
belongs to A(Æ(X);E). The norm in A ◦ Lip0 is defined as,
‖f‖A◦Lip0 = ‖Lf‖A .
The Banach Lipschitz operator ideals which are obtained in this way are called
of composition type. For example the finite rank, approximable and compact
linear operator ideals produce the finite rank, approximable and compact Banach
Lipschitz operator ideals respectively, which were introduced in [13] and denoted
by Lip0F ,Lip0F and Lip0K. Also, for 1 ≤ p < ∞ the Banach Lipschitz ideal of
strongly p-nuclear operators, N SLp , introduced in [7] and the Banach Lipschitz
ideal of strongly p-integral operators, ISLp , introduced in [13] are obtained via the
p-nuclear and p-integral linear operator ideals respectively [16, Proposition 2.9
and Proposition 2.11].
On the other hand, Banach spaces are pointed metric spaces (with distinguished
point 0) and linear operators are Lipschitz operators. This observation allow us
to produce a Banach linear operator ideal from a Banach Lipschitz operator ideal,
as it was noticed in [1, Remark 2.9]. If I is a Banach Lipschitz operator ideal,
then the Banach linear operator ideal I ∩ L is defined, for Banach spaces E and
F as
I ∩ L(E;F ) =
{
T ∈ L(E;F ) : T ∈ I(E;F )
}
with the norm
‖T‖I∩L = ‖T‖I .
Combining this two methods, we obtain a procedure (in the sense of Piestch)
for Banach linear operator ideals.
Proposition 3.1. Let A be a Banach linear operator ideal. Then
A ⊂ (A ◦ Lip0) ∩ L.
Moreover, for any Banach spaces E and F and T ∈ A(E;F ) we have
‖T‖(A◦Lip0)∩L ≤ ‖T‖A .
Proof. Take E and F Banach spaces and let T ∈ A(E;F ). Since T is linear, it is
enough to show that its linearization belongs toA. This follows since T ◦βE = LT .
Moreover,
‖T‖(A◦Lip0)∩L = ‖T‖A◦Lip0 = ‖LT‖A = ‖T ◦ βE‖A ≤ ‖T‖A ,
and the proof finish. 
The equality in Proposition 3.1 holds whenever we consider linear operators
from Banach spaces which have the Lipschitz-lifting property defined by Godefroy
and Kalton. Following [11, Definition 2.7] a Banach space E has the Lipschitz-
lifting property if there exists a linear operator U : E → Æ(E) such that βE ◦U =
IdE. If the linear operator U has norm one, then the Banach space E has the
isometric Lipschitz-lifting property. For example, all separable Banach spaces and
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every Lipschitz free-space over any Banach space have the isometric Lipschitz-
lifting property [11, Lemma 2.10 and Theorem 3.1].
Proposition 3.2. Let A be a Banach linear operator ideal and E, F be Banach
spaces. If E has the isometric Lipschitz-lifting property then
A(E;F ) = (A ◦ Lip0) ∩ L(E;F ) isometrically.
Proof. For T ∈ L(E;F ), we have the equality LT = T ◦ βE. Since E has the
isometric Lipschitz-lifting property, we have the equality T = T ◦βE ◦U = LT ◦U .
Thus, if T ∈ (A ◦ Lip0) ∩ L(E;F ), then LT ∈ A(Æ(E);F ), which implies that
T ∈ A(E;F ) with ‖T‖A = ‖LT ◦ U‖A ≤ ‖LT‖A = ‖T‖(A◦Lip0)∩L. The proof
finish. 
The particular case of the above proposition when A is the ideal of p-nuclear
operators covers [7, Theorem 2.3].
Also, for some Banach linear operator ideals, the equality in Proposition 3.1
holds in general, regarding the Banach spaces we consider. This is the case
when the Banach linear operator ideal is maximal or surjective. Following [9,
17.2], we may consider the maximal hull of a Banach linear operator ideal A,
Amax, as the biggest Banach linear operator ideal which coincide with A over
finite dimensional spaces. Moreover, A is said to be maximal if A = Amax
isometrically. For instance, the ideals of p-summing operators and p-integral
operators are maximal, 1 ≤ p <∞ [14, 19.1.1 and 23.1.3].
Proposition 3.3. Let A be a maximal Banach linear operator ideal. Then
A = (A ◦ Lip0) ∩ L isometrically.
Proof. Since every finite dimensional space has the isometric Lipschitz-lifting
property, by Proposition 3.2, we have the isometric equality A(M ;N) = (A ◦
Lip0)∩L(M ;N) for every finite dimensional spaces M and N . As A being max-
imal, by [9, Remark 17.2] we have the continuous inclusion (A ◦ Lip0) ∩ L ⊂ A.
The other inclusion always holds by Proposition 3.1. 
Recall that a Banach operator ideal A is surjective if for every Banach spaces
E and F , a linear operator T ∈ L(E;F ) belongs to A(E;F ) whenever exist a
Banach space G and a linear operator R ∈ A(G;F ) such that T (BE) ⊂ R(BG).
Moreover, ‖T‖A = inf{‖R‖A : R ∈ A(G;F ), T (BE) ⊂ R(BG)}. For instance, the
ideal of compact operators and weakly compact operators are surjective ideals.
Proposition 3.4. Let A be a surjective Banach linear operator ideal. Then
A = (A ◦ Lip0) ∩ L isometrically.
Proof. Fix E and F Banach spaces and take T ∈ (A ◦ Lip0) ∩ L(E;F ). Then,
LT ∈ A(Æ(E);F ). From the proof of [13, Proposition 2.1] we may deduce the
equality LT (BÆ(E)) = T (BE). Since A is surjective, then T ∈ A(E;F ) and
‖T‖A ≤ ‖LT‖A = ‖T‖(A◦Lip0)∩L. 
The equality in Proposition 3.1 does not holds in general. At the light of
Proposition 3.2, to construct a counterexample we will appeal to Banach spaces
with the Lipschitz lifting property.
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Definition 3.5. Let E and F be Banach spaces and T ∈ L(E;F ). Then T is
called LLP-factorable if there exists a Banach space G with the isometric Lipschitz
lifting property and operators S ∈ L(E;G) and R ∈ L(G;F ) such that T = R◦S.
The class of all LLP-factorable operators is denoted by LP.
We think that the next lemma is well known. However, we did not find it in
the literature.
Lemma 3.6. Let (Ei)i∈N a sequence of Banach spaces with the isometric Lipschitz-
lifting property. Then the Banach space
E = {e = (e1, e2, . . .) : ei ∈ Ei ‖e‖E =
∞∑
i=1
‖ei‖Ei <∞}
endowed with the norm ‖ · ‖E has the isometric Lipschitz-lifting property.
Proof. Consider the Banach space
U = {u = (u1, u2, . . .) : ui ∈ Æ(Ei) ‖u‖U =
∞∑
i=1
‖ui‖Æ(Ei) <∞}
endowed with the norm ‖ · ‖U . Note that
U = span{(0, . . . , 0, δEi(ei), 0, . . .) : ei ∈ Ei, i ∈ N}
‖·‖U
.
Since every Banach space Ei, for i ∈ N, has the isometric lifting Lipschitz prop-
erty, there exist linear operators Ti : Ei → Æ(Ei) such that βEi ◦ Ti = IdEi. For
every i ∈ N and ei ∈ Ei there exist sequences (e˜i,j)j ⊂ Ei and (αi,j)j ⊂ K with∑∞
j=1 |αi,j|‖e˜i,j‖Ei <∞ such that Ti(ei) =
∑∞
j=1 αi,jδEi(e˜i,j). Note that
ei = βEi ◦ Ti(ei) = βEi
(
∞∑
j=1
αi,jδEi(e˜i,j)
)
=
∞∑
j=1
αi,j e˜i,j
Define the linear operators T : E → U and ξ : U → Æ(E) as
T (e1, e2, . . .) = (T1e1, T2e2, . . .)
and
ξ(0, . . . , 0, δEi(ei), 0, . . .) = δE(0, . . . , 0, ei, 0, . . .),
both extended by linearity and continuity.
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Is clear that ‖ξ ◦ T‖ = 1. Finally, we show that βE ◦ (ξ ◦ T ) = IdE. Indeed,
βE ◦ ξ ◦ T (e1, e2, . . .) = βE ◦ ξ (T1(e1), T2(e2), . . .)
=
∞∑
i=1
βE ◦ ξ(0, . . . , 0, Ti(ei), 0, . . .)
=
∞∑
i=1
βE ◦ ξ
(
∞∑
j=1
(0, . . . , 0, αi,jδEi(e˜i,j), 0, . . .)
)
=
∞∑
i=1
∞∑
j=1
αi,jβE ◦ ξ(0, . . . , 0, δEi(e˜i,j), 0, . . .)
=
∞∑
i=1
∞∑
j=1
αi,jβE ◦ δE(0, . . . , 0, e˜i,j, 0, . . .)
=
∞∑
i=1
∞∑
j=1
αi,j(0, . . . , 0, e˜i,j, 0, . . .)
=
∞∑
i=1
(0, . . . , 0, ei, 0, . . .)
= (e1, e2, . . .)

The above lemma is the key to show that LP is a Banach linear operator ideal.
The proof is straightforward and we will omit it.
Theorem 3.7. The class LP endowed with the ideal norm defined, for every
Banach spaces E and F and T ∈ LP(E, F ), as
‖T‖LP = inf{‖R‖‖S‖}
where the infimum is taken over all the factorization of T = R◦S trough a Banach
space with the Lipschitz-lifting property, is a Banach linear operator ideal.
Theorem 3.8. The inclusion LP ⊂ (LP ◦ Lip0) ∩ L is strict.
Proof. Take E a Banach space without the Lipschitz-lifting property (for example
E = c0(Γ) with Γ an uncountable set, see [11, p. 128]), and consider the identity
map IdE . Since, by [11, Lemma 2.10], Æ(E) has the isometric Lipschitz-lifting
property, the linearization of IdE, LIdE ∈ LP(Æ(E), E). This implies that IdE ∈
(LP ◦ Lip0) ∩ L(E,E).
Now, suppose that IdE ∈ LP(E,E). Then there exist a Banach space G
with the isometric Lipschitz-lifting property and operators S ∈ L(E;G) and
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R ∈ L(G;E) such that IdE = R◦S. Consider the following commutative diagram
E
IdE //
S ##❋
❋❋
❋❋
❋❋
❋❋
E
δE

G
δG

R
99ttttttttttt
Æ(G)
LR
CC
✞✞
✞✞✞
✞✞✞✞
✞✞✞
✞✞✞✞
✞
R̂
// Æ(E)
.
Also, as G has the isometric Lipschitz-lifting property, then there exists an oper-
ator U ∈ L(G,Æ(G)) such that βG ◦U = IdG. Take T = R̂◦U ◦S ∈ L(E;Æ(E)).
Then βE ◦ T = LR ◦ U ◦ S. As R ∈ L(G;E), then LR = R ◦ βG, then
βE ◦ T = R ◦ βG ◦ U ◦ S = R ◦ S = IdE.
Then, E has the Lipschitz-lifting property which is a contradiction. 
Now we focus on Banach Lipschitz operator ideals. In the same way we did for
Banach linear operator ideals, we may proceed to obtain a procedure for Banach
Lipschitz operator ideals.
Proposition 3.9. Let I be a Banach Lipschitz operator ideal. Then
(I ∩ L) ◦ Lip0 ⊂ I.
Moreover, for any pointed metric space X, any Banach space E and f ∈ (I ∩
L) ◦ Lip0(X ;E) we have
‖f‖I ≤ ‖f‖(I∩L)◦Lip0 .
Proof. Let X be a pointed metric space and E be a Banach space. A Lipschitz
operator f ∈ (I∩L)◦Lip0(X ;E) if and only if Lf ∈ (I∩L)(Æ(X);E). Then Lf ∈
I(Æ(X);E) and, since f = Lf ◦ δX , we conclude that f ∈ I(X ;E). Moreover,
‖f‖I = ‖Lf ◦ δX‖I ≤ ‖Lf‖I = ‖Lf‖I∩L = ‖f‖(I∩L)◦Lip0 ,
and the proof finish. 
This methods to obtain Banach Lipschitz operator ideals from a Banach lin-
ear operator ideal and viceversa fits in the theory of Galois connection between
lattices. Recall that a non-empty ordered set P is a complete lattice if for every
subset S ⊂ P ,
∨
S = supS and
∧
S = inf S belongs to P . We consider the
lattices LIP and LIN of all Banach Lipschitz operator ideals and Banach linear
operator ideals, respectively, both consider with the order given by the contin-
uous inclusion. That is, for I,J in LIP, I ≤ J if and only if I ⊂ J and, for
every pointed metric space X and every Banach space E, if f ∈ I(X ;E), then
‖f‖J ≤ ‖f‖I. It is well known that in LIN the supremum is L, meanwhile the
infimum is the Banach ideal of nuclear operators, N . For the case of LIP, we
have that the supremum is Lip0 and the infimum is N ◦ Lip0 as the next lemma
shows. Following [4, Proposition 4.2], a Lipschitz operator f ∈ N ◦ Lip0(X ;E)
if there exist sequences (fn)n ⊂ X# y (en)n ⊂ E with
∑∞
n Lip(fn)‖en‖ < ∞
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such that f =
∑∞
n fnen. Moreover ‖f‖N◦Lip0 = inf{
∑∞
n Lip(fn)‖en‖}, where the
infimum is taken over all the representations of f .
Lemma 3.10. Let I be a Banach Lipschitz operator ideal. Then N ◦ Lip0 ⊂
I. Moreover, for all pointed metric space X and Banach space E, if f ∈ N ◦
Lip0(X ;E), then ‖f‖I ≤ ‖f‖N◦Lip0.
Proof. As it was shown in [4, Proposition 4.2], every f ∈ N ◦ Lip0(X ;E) is the
‖ · ‖N◦Lip0-limit of Lipschitz finite rank operators. The claim will follows if we
show that for every g ∈ Lip0F(X ;E), ‖g‖I ≤ ‖g‖N◦Lip0. As we can derive from
[13, Corollary 2.6 (iii)] we may take g =
∑n
j=1 gjej where gj ∈ X
# and ej ∈ E,
j = 1, . . . , n. Then
‖g‖I =
∥∥∥ n∑
j=1
gjej
∥∥∥
I
≤
n∑
j=1
‖gjej‖I =
n∑
j=1
‖gjej‖ =
n∑
j=1
Lip(gj)‖ej‖,
and taking the infimum over all the representations of g, we get that ‖g‖I ≤
‖g‖N◦Lip0. The proof follows. 
To see that LIN is a complete lattice, we will construct the infimum of a subset
of LIN in the next well known lemma. The same construction can be applied to
LIP. We omit the proof.
Lemma 3.11. (a) For any non-empty subset S ⊂ LIN, consider
⋂
S defined, for
Banach spaces E and F as⋂
S(E;F ) =
{
T ∈ L(E;F ) : T ∈ A(E;F ) ∀ A ∈ S with sup
A∈S
‖T‖A <∞
}
,
with the norm ‖T‖⋂S = supA∈S ‖T‖A. Then (
⋂
S; ‖·‖⋂S) is a Banach linear
operator ideal such that
⋂
S ⊂ A for every A ∈ S.
Moreover, if there exists a Banach operator ideal B such that B ⊂ A for
every A ∈ S, then B ⊂
⋂
S and, for every Banach spaces E and F and
T ∈ B(E, F ), ‖T‖⋂S ≤ ‖T‖B.
(b) For any non-empty subset S ⊂ LIP, consider
⋂
S defined, for a pointed metric
space X and a Banach space E as⋂
S(X ;E) =
{
f ∈ Lip0(X ;E) : f ∈ I(X ;E) ∀ I ∈ S with sup
I∈S
‖T‖I <∞
}
,
with the norm ‖f‖⋂S = supI∈S ‖f‖I. Then (
⋂
S; ‖ · ‖⋂S) is a Banach Lips-
chitz operator ideal such that
⋂
S ⊂ I for every I ∈ S.
Moreover, if there exists a Banach Lipschitz operator ideal J such that
J ⊂ I for every I ∈ S, then J ⊂
⋂
S and, for every pointed metric space
X and every Banach space E and f ∈ J (X,E), ‖f‖⋂S ≤ ‖f‖J .
Proposition 3.12. LIN and LIP are complete lattices with the order given by
the continuous inclusion.
Proof. Since LIP has top element and, by the above lemma, every non-empty
subset of LIP has infimum, an application of [8, Theorem 2.31] gives that LIP is
a complete lattice. The same holds for LIN. 
10 PABLO TURCO AND ROMA´N VILLAFAN˜E
Now we are ready to establish the main result of this section, which states the
relationship between Banach Lipschitz operator ideals and Banach linear operator
ideals. Recall that for P and Q ordered sets, a pair (ψ, φ) of maps ψ : P → Q
and φ : Q → P is a Galois connection between P and Q if for all p ∈ P and
q ∈ Q holds that ψ(p) ≤ q if and only if p ≤ φ(q).
Theorem 3.13. The maps ψ : LIN→ LIP and φ : LIP→ LIN defined as
ψ(A) = A ◦ Lip0 and φ(I) = I ∩ L,
set up a Galois connection between LIN and LIP.
Proof. It is clear that if A,B ∈ LIN with A ≤ B, then ψ(A) ≤ ψ(B) and that
if I,J ∈ LIP with I ≤ J , then φ(I) ≤ φ(J ). Then the result follows by [8,
Lemma 7.26] in combination with Proposition 3.1 and Proposition 3.9. 
Also, as a direct consequence of [8, Lemma 7.26] we have the following results.
Corollary 3.14. Let A be a Banach linear operator ideal. Then
((A ◦ Lip0) ∩ L) ◦ Lip0 = A ◦ Lip0 isometrically,
Corollary 3.15. Let I be a Banach Lipschitz operator ideal. Then
((I ∩ L) ◦ Lip0) ∩ L = I ∩ L isometrically.
Next we formulate a criterion which allow us to identify whenever a Lipschitz
Banach operator ideal is of composition type or not.
Proposition 3.16 (Criterion). Let I be a Banach Lipschitz operator ideal. Then
I is of composition type if and only if
I = (I ∩ L) ◦ Lip0 isometrically.
Proof. The only if part is trivial. Now, if I = A ◦ Lip0 for some Banach linear
operator A, then an application of Corollary 3.14 gives the proof. 
To finish this section, we apply the criterion to show that the Banach Lipschitz
operator ideals of p-summing operators, p-integral operators (both introduced
by Farmer and Johnson [10]) and p-nuclear operators (introduced by Chen and
Zheng [7]) are not of composition type. First, we briefly describe them. Fix
1 ≤ p < ∞, a pointed metric space X , a Banach space E and a Lipschitz
function f ∈ Lip0(X ;E).
The function f is a Lipschitz p-summing operator if there exists a constant
C > 0 so that for all choices of (xi)
n
i=1 and (yi)
n
i=1 in X the inequality
n∑
i=1
‖f(xi)− f(yi)‖
p ≤ Cp sup
f#∈B
X#
n∑
i=1
|f#(xi)− f
#(yi)|
p
holds. The space of all Lipschitz p-summing operators from X to E is denoted
by ΠLp (X ;E) and the least of such constants C is the p-summing norm of f and
it is denoted as πLp (f).
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The function f is a Lipschitz p-integral operator if there are a probability
measure space (Ω,Σ, µ) and two Lipschitz mappings A : Lp(µ)→ E ′′ and B : X →
L∞(µ) such that the following diagram commutes:
(1) X
B

f // E
JE // E ′′
L∞(µ)
ip // Lp(µ)
A
OO
where JE : E → E ′′ is the canonical evaluation map and ip : L∞(µ) → Lp(µ) is
the inclusion map. The space of all Lipschitz p-integral operators from X to E
is denoted by ILp (X ;E) and the Lipschitz p-integral norm of f is the infimum
of Lip(A)Lip(B) taken over all factorizations of f as in (1) and it is denoted by
ιLp (f).
Finally, the function f is a Lipschitz p-nuclear operator if there are two Lips-
chitz mappings B : X → ℓ∞ and A : ℓp → E and a sequence λ = (λn)n ∈ ℓp such
that the following diagram commutes:
(2) X
B

f // E
ℓ∞
Mλ // ℓp
A
OO ,
where Mλ is the diagonal operator. The space of all Lipschitz p-nuclear operators
from X to E is denoted by N Lp (X ;E) and the infimum of Lip(A)‖λ‖ℓpLip(B)
taken over all the factorization of f as in (2) is the p-nuclear norm and is denoted
by νLp (f).
In [1] it was shown that all this three spaces, (ΠLp ; π
L
p ), (I
L
p ; ι
L
p ) and (N
L
p ; ν
L
p ) are
Banach Lipschitz operators ideals. Moreover, we have the inclusions N Lp ⊂ I
L
p ⊂
ΠLp . As it was noticed in [1, Remark 3.7], the Dirac map δR : R→ Æ(R) belongs
to N Lp (R;Æ(R)). Hence it is also Lipschitz p-integral and Lipschitz p-summing
(for this last see also [15, Remark 3.3]). Besides, regarding the operator δR we
have the following proposition.
Proposition 3.17. Let A be a Banach operator ideal. Then δR ∈ A◦Lip0(R;Æ(R))
if and only if IdL1 ∈ A(L1;L1).
Proof. First recall that the Arens-Ells space of R is isometrically isomorphic to
L1 (see e.g. [12]). The result follows since the linearization of δR is the identity
map of L1. 
Proposition 3.18. For 1 ≤ p < ∞, the Banach Lipschitz operator ideals ΠLp ,
ILp and N
L
p are not of composition type.
Proof. First suppose that ΠLp is of composition type. Applying Proposition 3.16,
we get ΠLp (R;Æ(R)) = (Π
L
p ∩ L) ◦ Lip0(R;Æ(R)). Since Π
L
p ∩ L(Æ(R);Æ(R)) =
Πp(Æ(R);Æ(R)) [10, Theorem 2], we obtain the equality Π
L
p (R;Æ(R)) = Πp ◦
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Lip0(R;Æ(R)). As the Dirac map δR ∈ Π
L
p (R;Æ(R)), using Proposition 3.17, we
obtain that IdL1 is a p-summing linear operator, arriving to a contradiction.
The cases of Lipschitz p-integral and Lipschitz p-nuclear operators follows in
the same way using the fact that ILp ∩ L = Ip (see below [10, Problem 1]) and
N Lp ∩ L(Æ(R);Æ(R)) = Np(Æ(R);Æ(R)) [7, Theorem 2.1]. 
4. Minimal Banach Lipschitz operator ideals
Let us return to our approach of LIN and LIP as lattices and their Galois
connection. Following [9, 17.2 and 22.1], for a Banach linear operator A, its
minimal kernel Amin and its maximal hull Amax are the smallest and the biggest
Banach linear operator ideals such that coincide with A over all finite dimensional
Banach spaces. From now on, we denote with FIN to the class of Banach spaces
of finite dimension. In the framework of lattices, the minimal kernel and the
maximal hull of A can be seen as the infimum and the supremum of the sublattice
of LIN
AA =
{
B ∈ LIN: B(M ;N) = A(M ;N) ∀ M,N ∈ FIN
}
.
That is,
∨
AA = Amax and
∧
AA = Amin.
The maximal hull of a Banach Lipschitz operator ideal was introduce by Cabrera–
Padilla, Cha´vez–Dominguez, Jimenez–Vargas and Villegas–Vallecillos in [3]. From
[3, Lemma 2.4], we can deduce that, for a Banach Lipschitz operator ideal I, its
maximal hull, Imax, coincide with the supremum of the sublattice of LIP,
II =
{
J ∈ LIP: J (X0;N) = I(X0;N) ∀ X0 ∈ MFIN, N ∈ FIN
}
,
where MFIN stands for the class of all finite pointed metric spaces. In other
words we have the equality Imax =
∨
II . In particular, for Banach Lipschitz
ideals of composition type we can characterize its maximal hull as follows.
Proposition 4.1. Let A ∈ LIN. Then
(A ◦ Lip0)
max = ψ(
∨
AA) = ψ(A
max) = Amax ◦ Lip0.
Proof. We have to show that if I = A ◦ Lip0, then I
max = Amax ◦ Lip0 holds
isometrically. Indeed, from [16, Corollary 3.3], we have that Amax ◦ Lip0 is a
maximal Banach Lipschitz operator ideal. The proof follows by showing that for
every X0 ∈ MFIN and N ∈ FIN the isometric equality A
max ◦ Lip0(X0;N) =
A◦Lip0(X0;N) holds. Let X0 ∈ MFIN and N ∈ FIN. Since Æ(X0) ∈ FIN, then
Amax(Æ(X0);N) = A(Æ(X0);N) isometrically. An application of [1, Proposi-
tion 3.2] gives the isometric equality Amax ◦ Lip0(X0;N) = A ◦ Lip0(X0;N). 
In order to introduce the minimal kernel of a Banach Lipschitz operator ideal,
we need the following result.
Proposition 4.2. Let I ∈ LIP. Then II is a complete sublattice of LIP.
Proof. The proof is analogous to that of Proposition 3.12. Note that the top
element of II is Imax and that for every subset S of II , the Lipschitz operator
ideal
⋂
S defined in Lemma 3.11 satisfies that
⋂
S(X0;N) = I(X0;N) for every
X0 ∈ MFIN and N ∈ FIN. Then
⋂
S ∈ II and the proof finish. 
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Since II is a complete lattice we can ensure that there exists the bottom
element. Now we are ready to introduce the minimal kernel of a Banach Lipschitz
operator ideal.
Definition 4.3. Let I ∈ LIP. Then, Imin =
∧
II.
From the definitions, for a Banach Lipschitz operator ideal I and for all finite
pointed metric space X0 and every finite dimensional space N we have
Imin(X0;N) = I(X0;N) = I
max(X0;N) isometrically
and, in general
Imin ≤ I ≤ Imax
holds. Moreover, we have
Proposition 4.4. Let I be a Banach Lipschitz operator ideal. Then
(Imax)min = Imin and (Imin)max = Imax isometrically.
Also, note that since Imin is a Banach Lipschitz operator ideal, the finite rank
Lipschitz operators belongs to Imin. Then, it follows that Lip0F
‖·‖
Imin ≤ Imin.
But, since Lip0F
‖·‖
Imin (X0, N) = I(X0, N) isometrically whenever X0 is a finite
pointed metric space and N is a finite dimensional Banach space we have the
following result.
Proposition 4.5. Let I be a Banach Lipschitz operator ideal. Then
Imin = Lip0F
‖·‖
Imin .
In particular, every Lipschitz operator in Imin is approximable.
In order to characterize the minimal kernel of a Banach Lipschitz operator ideal
of composition type, we first introduce, for a Banach Lipschitz operator ideal I,
the sublattice of LIP
II+ =
{
J ∈ LIP: J (X0;N) ⊃ I(X0;N) ∀ X0 ∈ MFIN, N ∈ FIN
}
.
Proposition 4.6. Let I ∈ LIP. Then II+ is a complete sublattice. Moreover,
we have
∧
II+ = I
min.
Proof. It is clear that the top element of II+ is Lip0. Also, for a non-empty
subset S of II+, then the ideal
⋂
S constructed in Lemma 3.11 belongs to II+.
It follows from [8, Theorem 2.31] that II+ is a complete sublattice.
Moreover, since II ⊂ II+, then
∧
II+ ≤
∧
II = Imin. On the other hand, as∧
II+ ∈ II+ , then
∧
II+(X0, N) ⊃ I(X0, N) for all X0 a finite pointed metric
space and N a finite dimensional Banach space. Also, note that I belongs to
II+ , then
∧
II+ ≤ I, implying that
∧
II+ ∈ II and, as a consequence, I
min =∧
II ≤
∧
II+ and the proof finish. 
As a direct consequence of the above, we have
Proposition 4.7. Let I and J be Banach Lipschitz operator ideals such that
I(X0, N) ⊂ J (X0, N) for all pointed finite metric space X0 and every finite
dimensional Banach space N . Then Imin ≤ Jmin.
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Proof. It follows since IJ+ ≤ II+, then
∧
II+ ≤
∧
IJ+ . An application of
Proposition 4.6 completes the proof. 
Recall that from Theorem 3.13 we have that the maps ψ : LIN → LIP and
φ : LIP→ LIN defined as
ψ(A) = A ◦ Lip0 and φ(I) = I ∩ L,
set up a Galois connection between LIN and LIP. As a consequence of [8, 7.27]
we have that the composition φ ◦ ψ : LIN → LIN is a closure operator. A map
c : P → P is a closure operator if for all p, q ∈ P satisfies
(i) p ≤ c(p)
(ii) if p ≤ q, then c(p) ≤ c(q)
(iii) c(c(p)) = c(p).
Also, again by [8, 7.27], ψ ◦ φ : LIPd → LIPd is a closure operator where LIPd
is the dual of LIP, that is the set LIP endowed with the order given by I ≤d J if
and only if J ≤ I. The next result characterize the minimal kernel of a Banach
Lipschitz operator ideal of composition type.
Theorem 4.8. Let A be a Banach operator ideal. Then
(A ◦ Lip0)
min = Amin ◦ Lip0 isometrically.
Proof. First we show that there exists a Banach linear operator ideal B such that
the equality (A ◦ Lip0)
min = Bmin ◦ Lip0 holds. For this, consider the closure
operator
ψ ◦ φ : Id(A◦Lip0)+ → I
d
(A◦Lip0)
+ .
To see that is well defined, take I ∈ I(A◦Lip0)+ . Then forX0 ∈ MFIN andN ∈ FIN
we have I(X0;N) ⊃ A◦Lip0(X0;N), which, by the monotony of ψ◦φ, implies that
ψ◦φ(I)(X0;N) ⊃ ψ◦φ(A◦Lip0)(X0;N). SinceA◦Lip0 = ψ(A), by Corollary 3.14
we get that ψ ◦ φ(I)(X0;N) ⊃ A ◦ Lip0(X0;N). Then ψ ◦ φ(I) ∈ I(A◦Lip0)+ .
As the top element of Id(A◦Lip0)+ coincides with the bottom element of I(A◦Lip0)+
which, by Proposition 4.6, is (A ◦ Lip0)
min, by [8, 7.2] (A ◦ Lip0)
min is a closed
element. That is, there exists I ∈ I(A◦Lip0)+ such that (A ◦ Lip0)
min = ψ ◦ φ(I),
meaning that
(A ◦ Lip0)
min = (I ∩ L) ◦ Lip0 isometrically.
Now, we see that the last equality still valid if we consider the minimal kernel
of the Banach linear operator ideal (I ∩ L) instead of itself. First, note that by
the monotony, (I ∩ L)min ◦ Lip0 ≤ (I ∩ L) ◦ Lip0. On the other hand, since
Æ(X0) is a finite dimensional space whenever X0 is a finite metric space, then
(I ∩ L)(Æ(X0);N) = (I ∩ L)min(Æ(X0);N) for any finite dimensional space N .
Thus
(I ∩ L) ◦ Lip0(X0;N) = (I ∩ L)
min ◦ Lip0(X0;N),
and, as a consequence, (I ∩ L)min ◦ Lip0 ∈ I(A◦Lip0)+ . Since (I ∩ L) ◦ Lip0 is the
bottom element of I(A◦Lip0)+ , then (I ∩L)
min ◦Lip0 = (I ∩L)◦Lip0 isometrically.
It remains to show that (I ∩ L)min = Amin. For this, as a consequence of [9,
Propostion 22.1], is enough to show that (I ∩L)max(M ;N) = Amax(M ;N) for all
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finite dimensional spacesM and N . Since the Banach Lipschitz ideals (I∩L)min◦
Lip0 and A◦Lip0 belongs to the complete lattice I(A◦Lip0), by Proposition 4.1 we
get the equality (I ∩ L)max ◦ Lip0 = A
max ◦ Lip0. Thus,
(3) ((I ∩ L)max ◦ Lip0) ∩ L = (A
max ◦ Lip0) ∩ L.
Finally, if M is a finite dimensional space, by [11, Theorem 3.1] M has the
isometric Lipschitz-lifting property. Then combining (3) and Proposition 3.2 we
get that (I ∩ L)max(M ;N) = Amax(M ;N) and the proof follows. 
As a direct consequence, we have
Corollary 4.9. Let A a minimal Banach linear operator ideal. Then A◦Lip0 is
a minimal Banach Lipschitz operator ideal.
We finish with a brief discussion about the minimal kernel of the Lipschitz ideal
of p-nuclear and p-integral operators which, by Proposition 3.18, are not of com-
position type. Recall that, for 1 ≤ p < ∞, the ideals of p-nuclear and p-integral
linear operators are related as Np = (Ip)min. However, the Banach Lipschitz
operator ideal N Lp (and hence I
L
p ) is not minimal. Indeed, if it were minimal, by
Proposition 4.5 every Lipschitz p-nuclear operator must be approximable. But,
by Proposition 3.17, the Dirac map δ : R → Æ(R) is not approximable and is
p-nuclear (see above Proposition 3.17).
Proposition 4.10. Let 1 ≤ p <∞, then
(ILp )
min = (N Lp )
min and (ILp )
max = (N Lp )
max isometrically.
Proof. By [7, Theorem 4.1] we have that IILp = INLp . Then, the result follows
from the definitions of minimal kernel and maximal hull of a Banach Lipschitz
operator ideal. 
As a consequence, we have
Proposition 4.11. Let 1 ≤ p <∞, then Np ◦Lip0 ≤ (N
L
p )
min and the inclusion
is strict. Moreover, Np ◦ Lip0(R;Æ(R)) and (N
L
p )
min(R,Æ(R)) differ.
Proof. SinceNp◦Lip0 ≤ N
L
p , combining Proposition 4.7 and Corollary 4.9 we have
Np◦Lip0 ≤ (N
L
p )
min. Now, suppose thatNp◦Lip0(R;Æ(R)) = (N
L
p )
min(R;Æ(R)).
Since by Propositions 4.4 and 4.1 we have that ((N Lp )
min)max = (N Lp )
max and
(Np ◦ Lip0)
max = Ip ◦ Lip0 we get that (N
L
p )
max(R;Æ(R)) = Ip ◦ Lip0(R;Æ(R)).
This is a contradiction since, as the Dirac map δR : R → Æ(R) is Lipschitz p-
nuclear, then δR ∈ (N
L
p )
max(R;Æ(R)) but δR /∈ Ip ◦ Lip0(R;Æ(R)). 
Although Np ◦ Lip0 and (N
L
p )
min differ, the linear operators which belong to
both ideals are, in most of the cases, the same.
Proposition 4.12. Let 1 ≤ p < ∞ and E, F be Banach spaces such that E is
separable and F is a dual space with the metric approximation property. Then
(N Lp )
min ∩ L(E;F ) = Np(E;F ) isometrically.
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Proof. Take E and F Banach spaces as in the statement. By Proposition 4.11,
we have the inclusions Np ◦ Lip0(E;F ) ⊂ (N
L
p )
min(E;F ) ⊂ N Lp (E;F ). Since
by Proposition 3.2 (Np ◦ Lip0) ∩ L(E;F ) = Np(E;F ) and, by [7, Theorem 2.1],
N Lp ∩ L(E;F ) = Np(E;F ), the result follows. 
As a consequence, we obtain that (N Lp )
min is a minimal Banach Lipschitz
operator ideal which is not of composition type.
Proposition 4.13. Let 1 ≤ p < ∞. Then (N Lp )
min is not a Banach Lipschitz
operator ideal of composition type.
Proof. If (N Lp )
min were of composition type, then by Proposition 3.16 we have that
(N Lp )
min = ((N Lp )
min ∩ L) ◦ Lip0. In particular (N
L
p )
min(R,Æ(R)) = ((N Lp )
min ∩
L) ◦ Lip0(R,Æ(R)). Now, as Æ(R) = L1, by the above proposition we get that
Np◦Lip0(R;Æ(R)) = (N
L
p )
min(R,Æ(R)), which contradict Proposition 4.12. The
proof finish. 
As a consequence of Proposition 4.13, every Banach Lipschitz ideal belonging
to the sublattice INLp must be not of composition type. Indeed, if A◦Lip0 ∈ INLp ,
then INLp = IA◦Lip0 which implies that A
min ◦ Lip0 = (N
L
P )
min. In general, we
have.
Proposition 4.14. Let I be a Banach Lipschitz operator ideal such that Imin
or Imax is not of composition type. Then, every Banach Lipschitx operator ideal
J ∈ II is not of composition type. In particular, I is not of composition type.
We do not know if the converse of the above proposition holds.
Problem 4.15. Let I be a Banach Lipschitz operator ideal. Suppose that Imin
or Imax is of composition type. Does I must be of composition type?
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